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More to come later!
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Theorem 1 - (Pimentel-Alarcón, Nowak, Boston, ISIT ’15) 

    can be recovered from          s if and only if          s are observed in the 
right places*. Meaning:  

Each subset of n projections has at least n+r known entries
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___________________________________________________ 

More on the construction soon!
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Taking        , this bound recovers Theorem 1 (P.-A., et. al).ϵ = 0
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————————————————————————————————— 
   is a matrix that encodes the sampling and the orientation of the subspace 
(more later).         is its smallest singular value. 
B

Theorem (S., P.-A., this paper) 
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Theorem (S., P.-A., ISIT 2022) 

For almost every     ,  

Noisy Data and Estimation Bound

𝕌

dG(𝕌, �̂�) ≤
ϵ 2r(d − r)

δ ⋅ σ(B)

Signal-to-noise ratio Constructed from kernel of 
noisy projections 
(Observed data)

Degrees of freedom of  
r - dimensional subspaces

Computability: The bound is not just theoretical but very computable (i.e. it 
is based on the observed noisy data)
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Where does this come up? 

Here, we are taking an orthogonal space 
How sensitive is this to perturbations?

ker zero glue kerNoisy 
Projections

Kernel  
Vectors

Ambient  
Vectors

Matrix  
B

Subspace  
Estimator
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<latexit sha1_base64="shXicajVvU48pkAjFc1brTyistk=">AAAB/HicbVDLSgMxFM34rPU12qWbYCvUTZkpoi6LblxJBfuAdiiZNG1D8xiSTGEY6q+4caGIWz/EnX9j2s5CWw8EDuecy705YcSoNp737aytb2xubed28rt7+weH7tFxU8tYYdLAkknVDpEmjArSMNQw0o4UQTxkpBWOb2d+a0KUplI8miQiAUdDQQcUI2Olnlu4l1QTWC51J8imhhyVzntu0at4c8BV4mekCDLUe+5Xty9xzIkwmCGtO74XmSBFylDMyDTfjTWJEB6jIelYKhAnOkjnx0/hmVX6cCCVfcLAufp7IkVc64SHNsmRGellbyb+53ViM7gOUiqi2BCBF4sGMYNGwlkTsE8VwYYlliCsqL0V4hFSCBvbV96W4C9/eZU0qxX/snLxUC3WbrI6cuAEnIIy8MEVqIE7UAcNgEECnsEreHOenBfn3flYRNecbKYA/sD5/AE9L5Pd</latexit>

Noise (&)

<latexit sha1_base64="sHMqsyV8AeuTtBr2mBWa3QrVxZo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe4WUY+lInisYD9gu5RsNtuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwlRwA6777RTW1jc2t4rbpZ3dvf2D8uFR26hMU9aiSijdDYlhgkvWAg6CdVPNSBIK1glHtzO/88S04Uo+wjhlQUIGksecErCSf6e10hcNlcmoX664VXcOvEq8nFRQjma//NWLFM0SJoEKYozvuSkEE6KBU8GmpV5mWEroiAyYb6kkCTPBZH7yFJ9ZJcKx0rYk4Ln6e2JCEmPGSWg7EwJDs+zNxP88P4P4JphwmWbAJF0sijOBQeHZ/zjimlEQY0sI1dzeiumQaELBplSyIXjLL6+Sdq3qXVUvH2qVeiOPo4hO0Ck6Rx66RnV0j5qohShS6Bm9ojcHnBfn3flYtBacfOYY/YHz+QMTNpEg</latexit> E
rr
or
/B

ou
n
d

<latexit sha1_base64="sHMqsyV8AeuTtBr2mBWa3QrVxZo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe4WUY+lInisYD9gu5RsNtuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwlRwA6777RTW1jc2t4rbpZ3dvf2D8uFR26hMU9aiSijdDYlhgkvWAg6CdVPNSBIK1glHtzO/88S04Uo+wjhlQUIGksecErCSf6e10hcNlcmoX664VXcOvEq8nFRQjma//NWLFM0SJoEKYozvuSkEE6KBU8GmpV5mWEroiAyYb6kkCTPBZH7yFJ9ZJcKx0rYk4Ln6e2JCEmPGSWg7EwJDs+zNxP88P4P4JphwmWbAJF0sijOBQeHZ/zjimlEQY0sI1dzeiumQaELBplSyIXjLL6+Sdq3qXVUvH2qVeiOPo4hO0Ck6Rx66RnV0j5qohShS6Bm9ojcHnBfn3flYtBacfOYY/YHz+QMTNpEg</latexit> E
rr
or
/B

ou
n
d

<latexit sha1_base64="shXicajVvU48pkAjFc1brTyistk=">AAAB/HicbVDLSgMxFM34rPU12qWbYCvUTZkpoi6LblxJBfuAdiiZNG1D8xiSTGEY6q+4caGIWz/EnX9j2s5CWw8EDuecy705YcSoNp737aytb2xubed28rt7+weH7tFxU8tYYdLAkknVDpEmjArSMNQw0o4UQTxkpBWOb2d+a0KUplI8miQiAUdDQQcUI2Olnlu4l1QTWC51J8imhhyVzntu0at4c8BV4mekCDLUe+5Xty9xzIkwmCGtO74XmSBFylDMyDTfjTWJEB6jIelYKhAnOkjnx0/hmVX6cCCVfcLAufp7IkVc64SHNsmRGellbyb+53ViM7gOUiqi2BCBF4sGMYNGwlkTsE8VwYYlliCsqL0V4hFSCBvbV96W4C9/eZU0qxX/snLxUC3WbrI6cuAEnIIy8MEVqIE7UAcNgEECnsEreHOenBfn3flYRNecbKYA/sD5/AE9L5Pd</latexit>

Noise (&)

<latexit sha1_base64="YTmBGtlMGkFPb7JTePx0zBd4Wvk=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCvUTUmKqMtSNy4r2Ac0oUwmk3boTBJmJkIJ2bnxV9y4UMStv+DOv3HSZqGtB4Y5nHMv997jxYxKZVnfxsrq2vrGZmmrvL2zu7dvHhx2ZZQITDo4YpHoe0gSRkPSUVQx0o8FQdxjpOdNbnK/90CEpFF4r6YxcTkahTSgGCktDc2TqiPpiKOa40XMl1OuvzR1BIetLDuvDs2KVbdmgMvELkgFFGgPzS/Hj3DCSagwQ1IObCtWboqEopiRrOwkksQIT9CIDDQNESfSTWd3ZPBMKz4MIqFfqOBM/d2RIi7zFXUlR2osF71c/M8bJCq4dlMaxokiIZ4PChIGVQTzUKBPBcGKTTVBWFC9K8RjJBBWOrqyDsFePHmZdBt1+7J+cdeoNFtFHCVwDE5BDdjgCjTBLWiDDsDgETyDV/BmPBkvxrvxMS9dMYqeI/AHxucPaBeZBA==</latexit>

�(B)
<latexit sha1_base64="7dh83p0Nz6ilHcaSL1QSFQTHwks=">AAACCXicbVDLSsNAFJ3UV62vqEs3g61QNyUpoi6LblxW6AuaUCaTSTt0Mokzk0IJ2brxV9y4UMStf+DOv3HaZqGtBy4czrmXe+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj25nfnRAhacRbahoTN0RDTgOKkdLSwIQtQScUMehFCfdhteLIB6HS1BEhFFlWOR+YZatmzQFXiZ2TMsjRHJhfjh/hJCRcYYak7NtWrNwUCUUxI1nJSSSJER6jIelrylFIpJvOP8ngmVZ8GERCF1dwrv6eSFEo5TT0dGeI1EguezPxP6+fqODaTSmPE0U4XiwKEgZVBGexQJ8KghWbaoKwoPpWiEdIIKx0eCUdgr388irp1Gv2Ze3ivl5u3ORxFMEJOAVVYIMr0AB3oAnaAINH8AxewZvxZLwY78bHorVg5DPH4A+Mzx+Wkpmh</latexit>

Trivial bound (
p
r)

<latexit sha1_base64="JsJyJmMEXvK+yGgSwKwWcBdOrYU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfVY6sVjBfsh7VKy2WwbmmSXJCuU0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut5NbW9/Y3MpvF3Z29/YPiodHLR2nitAmiXmsOgHWlDNJm4YZTjuJolgEnLaD0e3Mbz9RpVksH8w4ob7AA8kiRrCx0mM9TmWIyhfn/WLJrbhzoFXiZaQEGRr94lcvjEkqqDSEY627npsYf4KVYYTTaaGXappgMsID2rVUYkG1P5kfPEVnVglRFCtb0qC5+ntigoXWYxHYToHNUC97M/E/r5ua6MafMJmkhkqyWBSlHJkYzb5HIVOUGD62BBPF7K2IDLHCxNiMCjYEb/nlVdKqVryryuV9tVSrZ3Hk4QROoQweXEMN7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gBbKo93</latexit>

Bound (3)
<latexit sha1_base64="DbtID7eUAlZGuDIB/ySKaFqC6u0=">AAACHHicbVDLSsNAFJ3UV62vqks3g61QQUpSRV0WRXRZwbSFJoTJZNIOnTyYmQgl5EPc+CtuXCjixoXg3zhtI2r1rM6ccy9z7nFjRoXU9Q+tMDe/sLhUXC6trK6tb5Q3t9oiSjgmJo5YxLsuEoTRkJiSSka6MScocBnpuMPzsd+5JVzQKLyRo5jYAeqH1KcYSSU55cMLziMOq56TWgGSA9dNL7Os9sXN7MAaIJl+v7P9qlOu6HV9AviXGDmpgBwtp/xmeRFOAhJKzJAQPUOPpZ0iLilmJCtZiSAxwkPUJz1FQxQQYaeT4zK4pxQP+iqkH4USTtSfGykKhBgFrpochxSz3lj8z+sl0j+1UxrGiSQhnn7kJwzKCI6bgh7lBEs2UgRhTlVWiAeIIyxVnyVVgjF78l/SbtSN4/rRdaPSPMvrKIIdsAtqwAAnoAmuQAuYAIM78ACewLN2rz1qL9rrdLSg5Tvb4Be0909Mq6Ii</latexit>

Error dG(U, Û)

<latexit sha1_base64="WKdLk8Uk5CVmvePsiH9zofQvQbs=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIlSQMiPFuikU3bisYC/QDiWTZtrQJDMkGaEMs/FV3LhQxK2P4c63MZ3OQqs/BD7+cw4n5/cjRpV2nC+rsLK6tr5R3Cxtbe/s7tn7Bx0VxhKTNg5ZKHs+UoRRQdqaakZ6kSSI+4x0/enNvN59IFLRUNzrWUQ8jsaCBhQjbayhfVRJBpJDnjZc5xxmLNNG/Wxol52qkwn+BTeHMsjVGtqfg1GIY06Exgwp1XedSHsJkppiRtLSIFYkQniKxqRvUCBOlJdkB6Tw1DgjGITSPKFh5v6cSBBXasZ908mRnqjl2tz8r9aPdXDlJVREsSYCLxYFMYM6hPM04IhKgjWbGUBYUvNXiCdIIqxNZiUTgrt88l/oXFTdy2rtrlZuXudxFMExOAEV4II6aIJb0AJtgEEKnsALeLUerWfrzXpftBasfOYQ/JL18Q0Wy5TO</latexit>

(m = 10, r = 7)

<latexit sha1_base64="m3rfIoBnGBP/bFxK696vLtAfU/M=">AAACCXicbVC7TsMwFHV4lvIKMLJYtEhMVVIhYKxgYaMI+pCaKHJct7XqR2Q7SFXUlYVfYWEAIVb+gI2/wW0zQMuRLB+dc6/uvSdOGNXG876dpeWV1bX1wkZxc2t7Z9fd229qmSpMGlgyqdox0oRRQRqGGkbaiSKIx4y04uHVxG89EKWpFPdmlJCQo76gPYqRsVLkwjvE7RzRh+UglqyrR9x+WXDDSR+No2o5cktexZsCLhI/JyWQox65X0FX4pQTYTBDWnd8LzFhhpShmJFxMUg1SRAeoj7pWCoQJzrMppeM4bFVurAnlX3CwKn6uyNDXE9WtJUcmYGe9ybif14nNb2LMKMiSQ0ReDaolzJoJJzEArtUEWzYyBKEFbW7QjxACmFjwyvaEPz5kxdJs1rxzyqnt9VS7TKPowAOwRE4AT44BzVwDeqgATB4BM/gFbw5T86L8+58zEqXnLznAPyB8/kDHBaZ9g==</latexit> S
am

p
li
n
g
⌦

2
<latexit sha1_base64="li9kPP4ioC4YQeesnN+J/0aRL7s=">AAACCXicbVC7TsMwFHV4lvIKMLJYtEhMVVIhYKxgYaMI+pCaqnIcJ7VqO5HtIFVRVxZ+hYUBhFj5Azb+BqfNAC1Hsnx0zr269x4/YVRpx/m2lpZXVtfWSxvlza3tnV17b7+t4lRi0sIxi2XXR4owKkhLU81IN5EEcZ+Rjj+6yv3OA5GKxuJejxPS5ygSNKQYaSMNbHiHuJkjIlj1/JgFaszNl3k3nERoMnCrA7vi1Jwp4CJxC1IBBZoD+8sLYpxyIjRmSKme6yS6nyGpKWZkUvZSRRKERygiPUMF4kT1s+klE3hslACGsTRPaDhVf3dkiKt8RVPJkR6qeS8X//N6qQ4v+hkVSaqJwLNBYcqgjmEeCwyoJFizsSEIS2p2hXiIJMLahFc2IbjzJy+Sdr3mntVOb+uVxmURRwkcgiNwAlxwDhrgGjRBC2DwCJ7BK3iznqwX6936mJUuWUXPAfgD6/MHGpGZ9Q==</latexit> S
am

p
li
n
g
⌦

1

(d = 10,r = 7)

(d = 10,r = 7)

Low dimensions 
+ 

Varying Noise 

Bound tight -   



Noisy Data and Estimation Bound
<latexit sha1_base64="sHMqsyV8AeuTtBr2mBWa3QrVxZo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe4WUY+lInisYD9gu5RsNtuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwlRwA6777RTW1jc2t4rbpZ3dvf2D8uFR26hMU9aiSijdDYlhgkvWAg6CdVPNSBIK1glHtzO/88S04Uo+wjhlQUIGksecErCSf6e10hcNlcmoX664VXcOvEq8nFRQjma//NWLFM0SJoEKYozvuSkEE6KBU8GmpV5mWEroiAyYb6kkCTPBZH7yFJ9ZJcKx0rYk4Ln6e2JCEmPGSWg7EwJDs+zNxP88P4P4JphwmWbAJF0sijOBQeHZ/zjimlEQY0sI1dzeiumQaELBplSyIXjLL6+Sdq3qXVUvH2qVeiOPo4hO0Ck6Rx66RnV0j5qohShS6Bm9ojcHnBfn3flYtBacfOYY/YHz+QMTNpEg</latexit> E
rr
or
/B

ou
n
d

<latexit sha1_base64="sHMqsyV8AeuTtBr2mBWa3QrVxZo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe4WUY+lInisYD9gu5RsNtuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwlRwA6777RTW1jc2t4rbpZ3dvf2D8uFR26hMU9aiSijdDYlhgkvWAg6CdVPNSBIK1glHtzO/88S04Uo+wjhlQUIGksecErCSf6e10hcNlcmoX664VXcOvEq8nFRQjma//NWLFM0SJoEKYozvuSkEE6KBU8GmpV5mWEroiAyYb6kkCTPBZH7yFJ9ZJcKx0rYk4Ln6e2JCEmPGSWg7EwJDs+zNxP88P4P4JphwmWbAJF0sijOBQeHZ/zjimlEQY0sI1dzeiumQaELBplSyIXjLL6+Sdq3qXVUvH2qVeiOPo4hO0Ck6Rx66RnV0j5qohShS6Bm9ojcHnBfn3flYtBacfOYY/YHz+QMTNpEg</latexit> E
rr
or
/B

ou
n
d

<latexit sha1_base64="shXicajVvU48pkAjFc1brTyistk=">AAAB/HicbVDLSgMxFM34rPU12qWbYCvUTZkpoi6LblxJBfuAdiiZNG1D8xiSTGEY6q+4caGIWz/EnX9j2s5CWw8EDuecy705YcSoNp737aytb2xubed28rt7+weH7tFxU8tYYdLAkknVDpEmjArSMNQw0o4UQTxkpBWOb2d+a0KUplI8miQiAUdDQQcUI2Olnlu4l1QTWC51J8imhhyVzntu0at4c8BV4mekCDLUe+5Xty9xzIkwmCGtO74XmSBFylDMyDTfjTWJEB6jIelYKhAnOkjnx0/hmVX6cCCVfcLAufp7IkVc64SHNsmRGellbyb+53ViM7gOUiqi2BCBF4sGMYNGwlkTsE8VwYYlliCsqL0V4hFSCBvbV96W4C9/eZU0qxX/snLxUC3WbrI6cuAEnIIy8MEVqIE7UAcNgEECnsEreHOenBfn3flYRNecbKYA/sD5/AE9L5Pd</latexit>

Noise (&)

<latexit sha1_base64="shXicajVvU48pkAjFc1brTyistk=">AAAB/HicbVDLSgMxFM34rPU12qWbYCvUTZkpoi6LblxJBfuAdiiZNG1D8xiSTGEY6q+4caGIWz/EnX9j2s5CWw8EDuecy705YcSoNp737aytb2xubed28rt7+weH7tFxU8tYYdLAkknVDpEmjArSMNQw0o4UQTxkpBWOb2d+a0KUplI8miQiAUdDQQcUI2Olnlu4l1QTWC51J8imhhyVzntu0at4c8BV4mekCDLUe+5Xty9xzIkwmCGtO74XmSBFylDMyDTfjTWJEB6jIelYKhAnOkjnx0/hmVX6cCCVfcLAufp7IkVc64SHNsmRGellbyb+53ViM7gOUiqi2BCBF4sGMYNGwlkTsE8VwYYlliCsqL0V4hFSCBvbV96W4C9/eZU0qxX/snLxUC3WbrI6cuAEnIIy8MEVqIE7UAcNgEECnsEreHOenBfn3flYRNecbKYA/sD5/AE9L5Pd</latexit>

Noise (&)

<latexit sha1_base64="m3rfIoBnGBP/bFxK696vLtAfU/M=">AAACCXicbVC7TsMwFHV4lvIKMLJYtEhMVVIhYKxgYaMI+pCaKHJct7XqR2Q7SFXUlYVfYWEAIVb+gI2/wW0zQMuRLB+dc6/uvSdOGNXG876dpeWV1bX1wkZxc2t7Z9fd229qmSpMGlgyqdox0oRRQRqGGkbaiSKIx4y04uHVxG89EKWpFPdmlJCQo76gPYqRsVLkwjvE7RzRh+UglqyrR9x+WXDDSR+No2o5cktexZsCLhI/JyWQox65X0FX4pQTYTBDWnd8LzFhhpShmJFxMUg1SRAeoj7pWCoQJzrMppeM4bFVurAnlX3CwKn6uyNDXE9WtJUcmYGe9ybif14nNb2LMKMiSQ0ReDaolzJoJJzEArtUEWzYyBKEFbW7QjxACmFjwyvaEPz5kxdJs1rxzyqnt9VS7TKPowAOwRE4AT44BzVwDeqgATB4BM/gFbw5T86L8+58zEqXnLznAPyB8/kDHBaZ9g==</latexit> S
am

p
li
n
g
⌦

2
<latexit sha1_base64="li9kPP4ioC4YQeesnN+J/0aRL7s=">AAACCXicbVC7TsMwFHV4lvIKMLJYtEhMVVIhYKxgYaMI+pCaqnIcJ7VqO5HtIFVRVxZ+hYUBhFj5Azb+BqfNAC1Hsnx0zr269x4/YVRpx/m2lpZXVtfWSxvlza3tnV17b7+t4lRi0sIxi2XXR4owKkhLU81IN5EEcZ+Rjj+6yv3OA5GKxuJejxPS5ygSNKQYaSMNbHiHuJkjIlj1/JgFaszNl3k3nERoMnCrA7vi1Jwp4CJxC1IBBZoD+8sLYpxyIjRmSKme6yS6nyGpKWZkUvZSRRKERygiPUMF4kT1s+klE3hslACGsTRPaDhVf3dkiKt8RVPJkR6qeS8X//N6qQ4v+hkVSaqJwLNBYcqgjmEeCwyoJFizsSEIS2p2hXiIJMLahFc2IbjzJy+Sdr3mntVOb+uVxmURRwkcgiNwAlxwDhrgGjRBC2DwCJ7BK3iznqwX6936mJUuWUXPAfgD6/MHGpGZ9Q==</latexit> S
am

p
li
n
g
⌦

1

(d = 200,r = 7)

(d = 200,r = 7)

High dimensions 
+ 

Varying Noise 

Bound tight - 

Depends on Sampling 
Pattern



Noisy Data and Estimation Bound
<latexit sha1_base64="sHMqsyV8AeuTtBr2mBWa3QrVxZo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe4WUY+lInisYD9gu5RsNtuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwlRwA6777RTW1jc2t4rbpZ3dvf2D8uFR26hMU9aiSijdDYlhgkvWAg6CdVPNSBIK1glHtzO/88S04Uo+wjhlQUIGksecErCSf6e10hcNlcmoX664VXcOvEq8nFRQjma//NWLFM0SJoEKYozvuSkEE6KBU8GmpV5mWEroiAyYb6kkCTPBZH7yFJ9ZJcKx0rYk4Ln6e2JCEmPGSWg7EwJDs+zNxP88P4P4JphwmWbAJF0sijOBQeHZ/zjimlEQY0sI1dzeiumQaELBplSyIXjLL6+Sdq3qXVUvH2qVeiOPo4hO0Ck6Rx66RnV0j5qohShS6Bm9ojcHnBfn3flYtBacfOYY/YHz+QMTNpEg</latexit> E
rr
or
/B

ou
n
d

<latexit sha1_base64="sHMqsyV8AeuTtBr2mBWa3QrVxZo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe4WUY+lInisYD9gu5RsNtuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwlRwA6777RTW1jc2t4rbpZ3dvf2D8uFR26hMU9aiSijdDYlhgkvWAg6CdVPNSBIK1glHtzO/88S04Uo+wjhlQUIGksecErCSf6e10hcNlcmoX664VXcOvEq8nFRQjma//NWLFM0SJoEKYozvuSkEE6KBU8GmpV5mWEroiAyYb6kkCTPBZH7yFJ9ZJcKx0rYk4Ln6e2JCEmPGSWg7EwJDs+zNxP88P4P4JphwmWbAJF0sijOBQeHZ/zjimlEQY0sI1dzeiumQaELBplSyIXjLL6+Sdq3qXVUvH2qVeiOPo4hO0Ck6Rx66RnV0j5qohShS6Bm9ojcHnBfn3flYtBacfOYY/YHz+QMTNpEg</latexit> E
rr
or
/B

ou
n
d

<latexit sha1_base64="MA+Vm0mgSWuOw8UylxGH322J2UM=">AAACBnicbVDLSgMxFM3UV62vUZciBFuhbspMEXVZHwuXFewD2qFk0kwbmmSGJCOUoSs3/oobF4q49Rvc+Tdm2llo64HA4dxzb+49fsSo0o7zbeWWlldW1/LrhY3Nre0de3evqcJYYtLAIQtl20eKMCpIQ1PNSDuSBHGfkZY/uk7rrQciFQ3FvR5HxONoIGhAMdJG6tmHl9ynRGh4QzkRqQ2WS0lXcsgnpZOeXXQqzhRwkbgZKYIM9Z791e2HODajNGZIqY7rRNpLkNQUMzIpdGNFIoRHaEA6hgrEifKS6RkTeGyUPgxCaZ7ZaKr+7kgQV2rMfePkSA/VfC0V/6t1Yh1ceAkVUayJwLOPgphBHcI0E9inkmDNxoYgLKnZFeIhkghrk1zBhODOn7xImtWKe1Y5vasWa1dZHHlwAI5AGbjgHNTALaiDBsDgETyDV/BmPVkv1rv1MbPmrKxnH/yB9fkDcj6X0w==</latexit>

Ambient Dimension (m)

<latexit sha1_base64="MA+Vm0mgSWuOw8UylxGH322J2UM=">AAACBnicbVDLSgMxFM3UV62vUZciBFuhbspMEXVZHwuXFewD2qFk0kwbmmSGJCOUoSs3/oobF4q49Rvc+Tdm2llo64HA4dxzb+49fsSo0o7zbeWWlldW1/LrhY3Nre0de3evqcJYYtLAIQtl20eKMCpIQ1PNSDuSBHGfkZY/uk7rrQciFQ3FvR5HxONoIGhAMdJG6tmHl9ynRGh4QzkRqQ2WS0lXcsgnpZOeXXQqzhRwkbgZKYIM9Z791e2HODajNGZIqY7rRNpLkNQUMzIpdGNFIoRHaEA6hgrEifKS6RkTeGyUPgxCaZ7ZaKr+7kgQV2rMfePkSA/VfC0V/6t1Yh1ceAkVUayJwLOPgphBHcI0E9inkmDNxoYgLKnZFeIhkghrk1zBhODOn7xImtWKe1Y5vasWa1dZHHlwAI5AGbjgHNTALaiDBsDgETyDV/BmPVkv1rv1MbPmrKxnH/yB9fkDcj6X0w==</latexit>

Ambient Dimension (m)

<latexit sha1_base64="VlD6NoXFpNQF1kVtNQmTrMTZoeg=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQQcuMVOumUHTjsoJ9QGcsmTRtQ5OZIckUyjA7N/6KGxeKuPUX3Pk3pu0stPVA4HDOudzc44WMSmVZ30ZmaXlldS27ntvY3NreMXf3GjKIBCZ1HLBAtDwkCaM+qSuqGGmFgiDuMdL0hjcTvzkiQtLAv1fjkLgc9X3aoxgpLXXMw0LsCA5FUimfQmeEdLLPUcW2HuKzi+SkY+atojUFXCR2SvIgRa1jfjndAEec+AozJGXbtkLlxkgoihlJck4kSYjwEPVJW1MfcSLdeHpHAo+10oW9QOjnKzhVf0/EiEs55p5OcqQGct6biP957Uj1rtyY+mGkiI9ni3oRgyqAk1JglwqCFRtrgrCg+q8QD5BAWOnqcroEe/7kRdI4L9qXxdJdKV+9TuvIggNwBArABmVQBbegBuoAg0fwDF7Bm/FkvBjvxscsmjHSmX3wB8bnD2wIl8I=</latexit>

(r = 7, & = 10�5)

<latexit sha1_base64="VlD6NoXFpNQF1kVtNQmTrMTZoeg=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQQcuMVOumUHTjsoJ9QGcsmTRtQ5OZIckUyjA7N/6KGxeKuPUX3Pk3pu0stPVA4HDOudzc44WMSmVZ30ZmaXlldS27ntvY3NreMXf3GjKIBCZ1HLBAtDwkCaM+qSuqGGmFgiDuMdL0hjcTvzkiQtLAv1fjkLgc9X3aoxgpLXXMw0LsCA5FUimfQmeEdLLPUcW2HuKzi+SkY+atojUFXCR2SvIgRa1jfjndAEec+AozJGXbtkLlxkgoihlJck4kSYjwEPVJW1MfcSLdeHpHAo+10oW9QOjnKzhVf0/EiEs55p5OcqQGct6biP957Uj1rtyY+mGkiI9ni3oRgyqAk1JglwqCFRtrgrCg+q8QD5BAWOnqcroEe/7kRdI4L9qXxdJdKV+9TuvIggNwBArABmVQBbegBuoAg0fwDF7Bm/FkvBjvxscsmjHSmX3wB8bnD2wIl8I=</latexit>

(r = 7, & = 10�5)

<latexit sha1_base64="m3rfIoBnGBP/bFxK696vLtAfU/M=">AAACCXicbVC7TsMwFHV4lvIKMLJYtEhMVVIhYKxgYaMI+pCaKHJct7XqR2Q7SFXUlYVfYWEAIVb+gI2/wW0zQMuRLB+dc6/uvSdOGNXG876dpeWV1bX1wkZxc2t7Z9fd229qmSpMGlgyqdox0oRRQRqGGkbaiSKIx4y04uHVxG89EKWpFPdmlJCQo76gPYqRsVLkwjvE7RzRh+UglqyrR9x+WXDDSR+No2o5cktexZsCLhI/JyWQox65X0FX4pQTYTBDWnd8LzFhhpShmJFxMUg1SRAeoj7pWCoQJzrMppeM4bFVurAnlX3CwKn6uyNDXE9WtJUcmYGe9ybif14nNb2LMKMiSQ0ReDaolzJoJJzEArtUEWzYyBKEFbW7QjxACmFjwyvaEPz5kxdJs1rxzyqnt9VS7TKPowAOwRE4AT44BzVwDeqgATB4BM/gFbw5T86L8+58zEqXnLznAPyB8/kDHBaZ9g==</latexit> S
am

p
li
n
g
⌦

2
<latexit sha1_base64="li9kPP4ioC4YQeesnN+J/0aRL7s=">AAACCXicbVC7TsMwFHV4lvIKMLJYtEhMVVIhYKxgYaMI+pCaqnIcJ7VqO5HtIFVRVxZ+hYUBhFj5Azb+BqfNAC1Hsnx0zr269x4/YVRpx/m2lpZXVtfWSxvlza3tnV17b7+t4lRi0sIxi2XXR4owKkhLU81IN5EEcZ+Rjj+6yv3OA5GKxuJejxPS5ygSNKQYaSMNbHiHuJkjIlj1/JgFaszNl3k3nERoMnCrA7vi1Jwp4CJxC1IBBZoD+8sLYpxyIjRmSKme6yS6nyGpKWZkUvZSRRKERygiPUMF4kT1s+klE3hslACGsTRPaDhVf3dkiKt8RVPJkR6qeS8X//N6qQ4v+hkVSaqJwLNBYcqgjmEeCwyoJFizsSEIS2p2hXiIJMLahFc2IbjzJy+Sdr3mntVOb+uVxmURRwkcgiNwAlxwDhrgGjRBC2DwCJ7BK3iznqwX6936mJUuWUXPAfgD6/MHGpGZ9Q==</latexit> S
am

p
li
n
g
⌦

1

Low Subspace Rank 
+ 

Varying Ambient Dim 

Bound tight -  

Depends on sampling. 
Good sampling shows 

bound follow error

(d )

(d )



Noisy Data and Estimation Bound
<latexit sha1_base64="sHMqsyV8AeuTtBr2mBWa3QrVxZo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe4WUY+lInisYD9gu5RsNtuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwlRwA6777RTW1jc2t4rbpZ3dvf2D8uFR26hMU9aiSijdDYlhgkvWAg6CdVPNSBIK1glHtzO/88S04Uo+wjhlQUIGksecErCSf6e10hcNlcmoX664VXcOvEq8nFRQjma//NWLFM0SJoEKYozvuSkEE6KBU8GmpV5mWEroiAyYb6kkCTPBZH7yFJ9ZJcKx0rYk4Ln6e2JCEmPGSWg7EwJDs+zNxP88P4P4JphwmWbAJF0sijOBQeHZ/zjimlEQY0sI1dzeiumQaELBplSyIXjLL6+Sdq3qXVUvH2qVeiOPo4hO0Ck6Rx66RnV0j5qohShS6Bm9ojcHnBfn3flYtBacfOYY/YHz+QMTNpEg</latexit> E
rr
or
/B

ou
n
d

<latexit sha1_base64="sHMqsyV8AeuTtBr2mBWa3QrVxZo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe4WUY+lInisYD9gu5RsNtuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwlRwA6777RTW1jc2t4rbpZ3dvf2D8uFR26hMU9aiSijdDYlhgkvWAg6CdVPNSBIK1glHtzO/88S04Uo+wjhlQUIGksecErCSf6e10hcNlcmoX664VXcOvEq8nFRQjma//NWLFM0SJoEKYozvuSkEE6KBU8GmpV5mWEroiAyYb6kkCTPBZH7yFJ9ZJcKx0rYk4Ln6e2JCEmPGSWg7EwJDs+zNxP88P4P4JphwmWbAJF0sijOBQeHZ/zjimlEQY0sI1dzeiumQaELBplSyIXjLL6+Sdq3qXVUvH2qVeiOPo4hO0Ck6Rx66RnV0j5qohShS6Bm9ojcHnBfn3flYtBacfOYY/YHz+QMTNpEg</latexit> E
rr
or
/B

ou
n
d

<latexit sha1_base64="D05ypuo1tD/ja58lvJ+d28JXmNk=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhbspMEXVZ1IXLivYB7VAyaaYNTTJDkhHK0J0bf8WNC0Xc+gvu/Bsz7Sy09ULgcM659+YeP2JUacf5tnJLyyura/n1wsbm1vaOvbvXVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfXaV664FIRUNxr8cR8TgaCBpQjLShevbhXeyrCGECryknIvXBcinpSg7lpHTSs4tOxZkWXARuBoogq3rP/ur2QxybURozpFTHdSLtJUhqihmZFLqxImbdCA1Ix0CBOFFeMr1jAo8N04dBKM0TGk7Z3x0J4kqNuW+cHOmhmtdS8j+tE+vgwkuoiGJNBJ4tCmIGdQjTUGCfSoI1GxuAsKTmrxAPkURYm+gKJgR3/uRF0KxW3LPK6W21WLvM4siDA3AEysAF56AGbkAdNAAGj+AZvII368l6sd6tj5k1Z2U9++BPWZ8/X7OYWA==</latexit>

Subspace Dimension (r)

<latexit sha1_base64="D05ypuo1tD/ja58lvJ+d28JXmNk=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhbspMEXVZ1IXLivYB7VAyaaYNTTJDkhHK0J0bf8WNC0Xc+gvu/Bsz7Sy09ULgcM659+YeP2JUacf5tnJLyyura/n1wsbm1vaOvbvXVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfXaV664FIRUNxr8cR8TgaCBpQjLShevbhXeyrCGECryknIvXBcinpSg7lpHTSs4tOxZkWXARuBoogq3rP/ur2QxybURozpFTHdSLtJUhqihmZFLqxImbdCA1Ix0CBOFFeMr1jAo8N04dBKM0TGk7Z3x0J4kqNuW+cHOmhmtdS8j+tE+vgwkuoiGJNBJ4tCmIGdQjTUGCfSoI1GxuAsKTmrxAPkURYm+gKJgR3/uRF0KxW3LPK6W21WLvM4siDA3AEysAF56AGbkAdNAAGj+AZvII368l6sd6tj5k1Z2U9++BPWZ8/X7OYWA==</latexit>

Subspace Dimension (r)

<latexit sha1_base64="XChd+t6UFkbv2jzth1SgE7zdDtU=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZadVNoejGZQX7gM5YMmnahiYzQ5IplGGWbvwVNy4UcesnuPNvTNtZaOuBwOGcc7m5xwsZlcqyvo3M0vLK6lp2PbexubW9Y+7uNWQQCUzqOGCBaHlIEkZ9UldUMdIKBUHcY6TpDW8mfnNEhKSBf6/GIXE56vu0RzFSWuqYh4XYERzypFK2TqEzQjra56hiWw/xWTk56Zh5q2hNAReJnZI8SFHrmF9ON8ARJ77CDEnZtq1QuTESimJGkpwTSRIiPER90tbUR5xIN54eksBjrXRhLxD6+QpO1d8TMeJSjrmnkxypgZz3JuJ/XjtSvSs3pn4YKeLj2aJexKAK4KQV2KWCYMXGmiAsqP4rxAMkEFa6u5wuwZ4/eZE0zov2RbF0V8pXr9M6suAAHIECsMElqIJbUAN1gMEjeAav4M14Ml6Md+NjFs0Y6cw++APj8wfV6Jf1</latexit>

(m = 50, & = 10�5)

<latexit sha1_base64="XChd+t6UFkbv2jzth1SgE7zdDtU=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZadVNoejGZQX7gM5YMmnahiYzQ5IplGGWbvwVNy4UcesnuPNvTNtZaOuBwOGcc7m5xwsZlcqyvo3M0vLK6lp2PbexubW9Y+7uNWQQCUzqOGCBaHlIEkZ9UldUMdIKBUHcY6TpDW8mfnNEhKSBf6/GIXE56vu0RzFSWuqYh4XYERzypFK2TqEzQjra56hiWw/xWTk56Zh5q2hNAReJnZI8SFHrmF9ON8ARJ77CDEnZtq1QuTESimJGkpwTSRIiPER90tbUR5xIN54eksBjrXRhLxD6+QpO1d8TMeJSjrmnkxypgZz3JuJ/XjtSvSs3pn4YKeLj2aJexKAK4KQV2KWCYMXGmiAsqP4rxAMkEFa6u5wuwZ4/eZE0zov2RbF0V8pXr9M6suAAHIECsMElqIJbUAN1gMEjeAav4M14Ml6Md+NjFs0Y6cw++APj8wfV6Jf1</latexit>

(m = 50, & = 10�5)

<latexit sha1_base64="m3rfIoBnGBP/bFxK696vLtAfU/M=">AAACCXicbVC7TsMwFHV4lvIKMLJYtEhMVVIhYKxgYaMI+pCaKHJct7XqR2Q7SFXUlYVfYWEAIVb+gI2/wW0zQMuRLB+dc6/uvSdOGNXG876dpeWV1bX1wkZxc2t7Z9fd229qmSpMGlgyqdox0oRRQRqGGkbaiSKIx4y04uHVxG89EKWpFPdmlJCQo76gPYqRsVLkwjvE7RzRh+UglqyrR9x+WXDDSR+No2o5cktexZsCLhI/JyWQox65X0FX4pQTYTBDWnd8LzFhhpShmJFxMUg1SRAeoj7pWCoQJzrMppeM4bFVurAnlX3CwKn6uyNDXE9WtJUcmYGe9ybif14nNb2LMKMiSQ0ReDaolzJoJJzEArtUEWzYyBKEFbW7QjxACmFjwyvaEPz5kxdJs1rxzyqnt9VS7TKPowAOwRE4AT44BzVwDeqgATB4BM/gFbw5T86L8+58zEqXnLznAPyB8/kDHBaZ9g==</latexit> S
am

p
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n
g
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<latexit sha1_base64="li9kPP4ioC4YQeesnN+J/0aRL7s=">AAACCXicbVC7TsMwFHV4lvIKMLJYtEhMVVIhYKxgYaMI+pCaqnIcJ7VqO5HtIFVRVxZ+hYUBhFj5Azb+BqfNAC1Hsnx0zr269x4/YVRpx/m2lpZXVtfWSxvlza3tnV17b7+t4lRi0sIxi2XXR4owKkhLU81IN5EEcZ+Rjj+6yv3OA5GKxuJejxPS5ygSNKQYaSMNbHiHuJkjIlj1/JgFaszNl3k3nERoMnCrA7vi1Jwp4CJxC1IBBZoD+8sLYpxyIjRmSKme6yS6nyGpKWZkUvZSRRKERygiPUMF4kT1s+klE3hslACGsTRPaDhVf3dkiKt8RVPJkR6qeS8X//N6qQ4v+hkVSaqJwLNBYcqgjmEeCwyoJFizsSEIS2p2hXiIJMLahFc2IbjzJy+Sdr3mntVOb+uVxmURRwkcgiNwAlxwDhrgGjRBC2DwCJ7BK3iznqwX6936mJUuWUXPAfgD6/MHGpGZ9Q==</latexit> S
am

p
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n
g
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d

d

High ambient dim 
+ 

Varying Subspace Dim 

Bound tight -  



Noisy Data and Estimation Bound

<latexit sha1_base64="shXicajVvU48pkAjFc1brTyistk=">AAAB/HicbVDLSgMxFM34rPU12qWbYCvUTZkpoi6LblxJBfuAdiiZNG1D8xiSTGEY6q+4caGIWz/EnX9j2s5CWw8EDuecy705YcSoNp737aytb2xubed28rt7+weH7tFxU8tYYdLAkknVDpEmjArSMNQw0o4UQTxkpBWOb2d+a0KUplI8miQiAUdDQQcUI2Olnlu4l1QTWC51J8imhhyVzntu0at4c8BV4mekCDLUe+5Xty9xzIkwmCGtO74XmSBFylDMyDTfjTWJEB6jIelYKhAnOkjnx0/hmVX6cCCVfcLAufp7IkVc64SHNsmRGellbyb+53ViM7gOUiqi2BCBF4sGMYNGwlkTsE8VwYYlliCsqL0V4hFSCBvbV96W4C9/eZU0qxX/snLxUC3WbrI6cuAEnIIy8MEVqIE7UAcNgEECnsEreHOenBfn3flYRNecbKYA/sD5/AE9L5Pd</latexit>

Noise (&)

<latexit sha1_base64="sHMqsyV8AeuTtBr2mBWa3QrVxZo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe4WUY+lInisYD9gu5RsNtuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwlRwA6777RTW1jc2t4rbpZ3dvf2D8uFR26hMU9aiSijdDYlhgkvWAg6CdVPNSBIK1glHtzO/88S04Uo+wjhlQUIGksecErCSf6e10hcNlcmoX664VXcOvEq8nFRQjma//NWLFM0SJoEKYozvuSkEE6KBU8GmpV5mWEroiAyYb6kkCTPBZH7yFJ9ZJcKx0rYk4Ln6e2JCEmPGSWg7EwJDs+zNxP88P4P4JphwmWbAJF0sijOBQeHZ/zjimlEQY0sI1dzeiumQaELBplSyIXjLL6+Sdq3qXVUvH2qVeiOPo4hO0Ck6Rx66RnV0j5qohShS6Bm9ojcHnBfn3flYtBacfOYY/YHz+QMTNpEg</latexit> E
rr
or
/B

ou
n
d

<latexit sha1_base64="sHMqsyV8AeuTtBr2mBWa3QrVxZo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe4WUY+lInisYD9gu5RsNtuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzwlRwA6777RTW1jc2t4rbpZ3dvf2D8uFR26hMU9aiSijdDYlhgkvWAg6CdVPNSBIK1glHtzO/88S04Uo+wjhlQUIGksecErCSf6e10hcNlcmoX664VXcOvEq8nFRQjma//NWLFM0SJoEKYozvuSkEE6KBU8GmpV5mWEroiAyYb6kkCTPBZH7yFJ9ZJcKx0rYk4Ln6e2JCEmPGSWg7EwJDs+zNxP88P4P4JphwmWbAJF0sijOBQeHZ/zjimlEQY0sI1dzeiumQaELBplSyIXjLL6+Sdq3qXVUvH2qVeiOPo4hO0Ck6Rx66RnV0j5qohShS6Bm9ojcHnBfn3flYtBacfOYY/YHz+QMTNpEg</latexit> E
rr
or
/B

ou
n
d

<latexit sha1_base64="shXicajVvU48pkAjFc1brTyistk=">AAAB/HicbVDLSgMxFM34rPU12qWbYCvUTZkpoi6LblxJBfuAdiiZNG1D8xiSTGEY6q+4caGIWz/EnX9j2s5CWw8EDuecy705YcSoNp737aytb2xubed28rt7+weH7tFxU8tYYdLAkknVDpEmjArSMNQw0o4UQTxkpBWOb2d+a0KUplI8miQiAUdDQQcUI2Olnlu4l1QTWC51J8imhhyVzntu0at4c8BV4mekCDLUe+5Xty9xzIkwmCGtO74XmSBFylDMyDTfjTWJEB6jIelYKhAnOkjnx0/hmVX6cCCVfcLAufp7IkVc64SHNsmRGellbyb+53ViM7gOUiqi2BCBF4sGMYNGwlkTsE8VwYYlliCsqL0V4hFSCBvbV96W4C9/eZU0qxX/snLxUC3WbrI6cuAEnIIy8MEVqIE7UAcNgEECnsEreHOenBfn3flYRNecbKYA/sD5/AE9L5Pd</latexit>

Noise (&)
<latexit sha1_base64="shXicajVvU48pkAjFc1brTyistk=">AAAB/HicbVDLSgMxFM34rPU12qWbYCvUTZkpoi6LblxJBfuAdiiZNG1D8xiSTGEY6q+4caGIWz/EnX9j2s5CWw8EDuecy705YcSoNp737aytb2xubed28rt7+weH7tFxU8tYYdLAkknVDpEmjArSMNQw0o4UQTxkpBWOb2d+a0KUplI8miQiAUdDQQcUI2Olnlu4l1QTWC51J8imhhyVzntu0at4c8BV4mekCDLUe+5Xty9xzIkwmCGtO74XmSBFylDMyDTfjTWJEB6jIelYKhAnOkjnx0/hmVX6cCCVfcLAufp7IkVc64SHNsmRGellbyb+53ViM7gOUiqi2BCBF4sGMYNGwlkTsE8VwYYlliCsqL0V4hFSCBvbV96W4C9/eZU0qxX/snLxUC3WbrI6cuAEnIIy8MEVqIE7UAcNgEECnsEreHOenBfn3flYRNecbKYA/sD5/AE9L5Pd</latexit>

Noise (&)
<latexit sha1_base64="MA+Vm0mgSWuOw8UylxGH322J2UM=">AAACBnicbVDLSgMxFM3UV62vUZciBFuhbspMEXVZHwuXFewD2qFk0kwbmmSGJCOUoSs3/oobF4q49Rvc+Tdm2llo64HA4dxzb+49fsSo0o7zbeWWlldW1/LrhY3Nre0de3evqcJYYtLAIQtl20eKMCpIQ1PNSDuSBHGfkZY/uk7rrQciFQ3FvR5HxONoIGhAMdJG6tmHl9ynRGh4QzkRqQ2WS0lXcsgnpZOeXXQqzhRwkbgZKYIM9Z791e2HODajNGZIqY7rRNpLkNQUMzIpdGNFIoRHaEA6hgrEifKS6RkTeGyUPgxCaZ7ZaKr+7kgQV2rMfePkSA/VfC0V/6t1Yh1ceAkVUayJwLOPgphBHcI0E9inkmDNxoYgLKnZFeIhkghrk1zBhODOn7xImtWKe1Y5vasWa1dZHHlwAI5AGbjgHNTALaiDBsDgETyDV/BmPVkv1rv1MbPmrKxnH/yB9fkDcj6X0w==</latexit>

Ambient Dimension (m)
<latexit sha1_base64="D05ypuo1tD/ja58lvJ+d28JXmNk=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhbspMEXVZ1IXLivYB7VAyaaYNTTJDkhHK0J0bf8WNC0Xc+gvu/Bsz7Sy09ULgcM659+YeP2JUacf5tnJLyyura/n1wsbm1vaOvbvXVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfXaV664FIRUNxr8cR8TgaCBpQjLShevbhXeyrCGECryknIvXBcinpSg7lpHTSs4tOxZkWXARuBoogq3rP/ur2QxybURozpFTHdSLtJUhqihmZFLqxImbdCA1Ix0CBOFFeMr1jAo8N04dBKM0TGk7Z3x0J4kqNuW+cHOmhmtdS8j+tE+vgwkuoiGJNBJ4tCmIGdQjTUGCfSoI1GxuAsKTmrxAPkURYm+gKJgR3/uRF0KxW3LPK6W21WLvM4siDA3AEysAF56AGbkAdNAAGj+AZvII368l6sd6tj5k1Z2U9++BPWZ8/X7OYWA==</latexit>

Subspace Dimension (r)

<latexit sha1_base64="YTmBGtlMGkFPb7JTePx0zBd4Wvk=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCvUTUmKqMtSNy4r2Ac0oUwmk3boTBJmJkIJ2bnxV9y4UMStv+DOv3HSZqGtB4Y5nHMv997jxYxKZVnfxsrq2vrGZmmrvL2zu7dvHhx2ZZQITDo4YpHoe0gSRkPSUVQx0o8FQdxjpOdNbnK/90CEpFF4r6YxcTkahTSgGCktDc2TqiPpiKOa40XMl1OuvzR1BIetLDuvDs2KVbdmgMvELkgFFGgPzS/Hj3DCSagwQ1IObCtWboqEopiRrOwkksQIT9CIDDQNESfSTWd3ZPBMKz4MIqFfqOBM/d2RIi7zFXUlR2osF71c/M8bJCq4dlMaxokiIZ4PChIGVQTzUKBPBcGKTTVBWFC9K8RjJBBWOrqyDsFePHmZdBt1+7J+cdeoNFtFHCVwDE5BDdjgCjTBLWiDDsDgETyDV/BmPBkvxrvxMS9dMYqeI/AHxucPaBeZBA==</latexit>

�(B)
<latexit sha1_base64="7dh83p0Nz6ilHcaSL1QSFQTHwks=">AAACCXicbVDLSsNAFJ3UV62vqEs3g61QNyUpoi6LblxW6AuaUCaTSTt0Mokzk0IJ2brxV9y4UMStf+DOv3HaZqGtBy4czrmXe+/xYkalsqxvo7C2vrG5Vdwu7ezu7R+Yh0cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrj25nfnRAhacRbahoTN0RDTgOKkdLSwIQtQScUMehFCfdhteLIB6HS1BEhFFlWOR+YZatmzQFXiZ2TMsjRHJhfjh/hJCRcYYak7NtWrNwUCUUxI1nJSSSJER6jIelrylFIpJvOP8ngmVZ8GERCF1dwrv6eSFEo5TT0dGeI1EguezPxP6+fqODaTSmPE0U4XiwKEgZVBGexQJ8KghWbaoKwoPpWiEdIIKx0eCUdgr388irp1Gv2Ze3ivl5u3ORxFMEJOAVVYIMr0AB3oAnaAINH8AxewZvxZLwY78bHorVg5DPH4A+Mzx+Wkpmh</latexit>

Trivial bound (
p
r)

<latexit sha1_base64="JsJyJmMEXvK+yGgSwKwWcBdOrYU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfVY6sVjBfsh7VKy2WwbmmSXJCuU0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut5NbW9/Y3MpvF3Z29/YPiodHLR2nitAmiXmsOgHWlDNJm4YZTjuJolgEnLaD0e3Mbz9RpVksH8w4ob7AA8kiRrCx0mM9TmWIyhfn/WLJrbhzoFXiZaQEGRr94lcvjEkqqDSEY627npsYf4KVYYTTaaGXappgMsID2rVUYkG1P5kfPEVnVglRFCtb0qC5+ntigoXWYxHYToHNUC97M/E/r5ua6MafMJmkhkqyWBSlHJkYzb5HIVOUGD62BBPF7K2IDLHCxNiMCjYEb/nlVdKqVryryuV9tVSrZ3Hk4QROoQweXEMN7qABTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gBbKo93</latexit>

Bound (3)
<latexit sha1_base64="DbtID7eUAlZGuDIB/ySKaFqC6u0=">AAACHHicbVDLSsNAFJ3UV62vqks3g61QQUpSRV0WRXRZwbSFJoTJZNIOnTyYmQgl5EPc+CtuXCjixoXg3zhtI2r1rM6ccy9z7nFjRoXU9Q+tMDe/sLhUXC6trK6tb5Q3t9oiSjgmJo5YxLsuEoTRkJiSSka6MScocBnpuMPzsd+5JVzQKLyRo5jYAeqH1KcYSSU55cMLziMOq56TWgGSA9dNL7Os9sXN7MAaIJl+v7P9qlOu6HV9AviXGDmpgBwtp/xmeRFOAhJKzJAQPUOPpZ0iLilmJCtZiSAxwkPUJz1FQxQQYaeT4zK4pxQP+iqkH4USTtSfGykKhBgFrpochxSz3lj8z+sl0j+1UxrGiSQhnn7kJwzKCI6bgh7lBEs2UgRhTlVWiAeIIyxVnyVVgjF78l/SbtSN4/rRdaPSPMvrKIIdsAtqwAAnoAmuQAuYAIM78ACewLN2rz1qL9rrdLSg5Tvb4Be0909Mq6Ii</latexit>

Error dG(U, Û)

<latexit sha1_base64="shXicajVvU48pkAjFc1brTyistk=">AAAB/HicbVDLSgMxFM34rPU12qWbYCvUTZkpoi6LblxJBfuAdiiZNG1D8xiSTGEY6q+4caGIWz/EnX9j2s5CWw8EDuecy705YcSoNp737aytb2xubed28rt7+weH7tFxU8tYYdLAkknVDpEmjArSMNQw0o4UQTxkpBWOb2d+a0KUplI8miQiAUdDQQcUI2Olnlu4l1QTWC51J8imhhyVzntu0at4c8BV4mekCDLUe+5Xty9xzIkwmCGtO74XmSBFylDMyDTfjTWJEB6jIelYKhAnOkjnx0/hmVX6cCCVfcLAufp7IkVc64SHNsmRGellbyb+53ViM7gOUiqi2BCBF4sGMYNGwlkTsE8VwYYlliCsqL0V4hFSCBvbV96W4C9/eZU0qxX/snLxUC3WbrI6cuAEnIIy8MEVqIE7UAcNgEECnsEreHOenBfn3flYRNecbKYA/sD5/AE9L5Pd</latexit>

Noise (&)
<latexit sha1_base64="MA+Vm0mgSWuOw8UylxGH322J2UM=">AAACBnicbVDLSgMxFM3UV62vUZciBFuhbspMEXVZHwuXFewD2qFk0kwbmmSGJCOUoSs3/oobF4q49Rvc+Tdm2llo64HA4dxzb+49fsSo0o7zbeWWlldW1/LrhY3Nre0de3evqcJYYtLAIQtl20eKMCpIQ1PNSDuSBHGfkZY/uk7rrQciFQ3FvR5HxONoIGhAMdJG6tmHl9ynRGh4QzkRqQ2WS0lXcsgnpZOeXXQqzhRwkbgZKYIM9Z791e2HODajNGZIqY7rRNpLkNQUMzIpdGNFIoRHaEA6hgrEifKS6RkTeGyUPgxCaZ7ZaKr+7kgQV2rMfePkSA/VfC0V/6t1Yh1ceAkVUayJwLOPgphBHcI0E9inkmDNxoYgLKnZFeIhkghrk1zBhODOn7xImtWKe1Y5vasWa1dZHHlwAI5AGbjgHNTALaiDBsDgETyDV/BmPVkv1rv1MbPmrKxnH/yB9fkDcj6X0w==</latexit>

Ambient Dimension (m)
<latexit sha1_base64="D05ypuo1tD/ja58lvJ+d28JXmNk=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhbspMEXVZ1IXLivYB7VAyaaYNTTJDkhHK0J0bf8WNC0Xc+gvu/Bsz7Sy09ULgcM659+YeP2JUacf5tnJLyyura/n1wsbm1vaOvbvXVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfXaV664FIRUNxr8cR8TgaCBpQjLShevbhXeyrCGECryknIvXBcinpSg7lpHTSs4tOxZkWXARuBoogq3rP/ur2QxybURozpFTHdSLtJUhqihmZFLqxImbdCA1Ix0CBOFFeMr1jAo8N04dBKM0TGk7Z3x0J4kqNuW+cHOmhmtdS8j+tE+vgwkuoiGJNBJ4tCmIGdQjTUGCfSoI1GxuAsKTmrxAPkURYm+gKJgR3/uRF0KxW3LPK6W21WLvM4siDA3AEysAF56AGbkAdNAAGj+AZvII368l6sd6tj5k1Z2U9++BPWZ8/X7OYWA==</latexit>

Subspace Dimension (r)

<latexit sha1_base64="WKdLk8Uk5CVmvePsiH9zofQvQbs=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIlSQMiPFuikU3bisYC/QDiWTZtrQJDMkGaEMs/FV3LhQxK2P4c63MZ3OQqs/BD7+cw4n5/cjRpV2nC+rsLK6tr5R3Cxtbe/s7tn7Bx0VxhKTNg5ZKHs+UoRRQdqaakZ6kSSI+4x0/enNvN59IFLRUNzrWUQ8jsaCBhQjbayhfVRJBpJDnjZc5xxmLNNG/Wxol52qkwn+BTeHMsjVGtqfg1GIY06Exgwp1XedSHsJkppiRtLSIFYkQniKxqRvUCBOlJdkB6Tw1DgjGITSPKFh5v6cSBBXasZ908mRnqjl2tz8r9aPdXDlJVREsSYCLxYFMYM6hPM04IhKgjWbGUBYUvNXiCdIIqxNZiUTgrt88l/oXFTdy2rtrlZuXudxFMExOAEV4II6aIJb0AJtgEEKnsALeLUerWfrzXpftBasfOYQ/JL18Q0Wy5TO</latexit>

(m = 10, r = 7)
<latexit sha1_base64="VlD6NoXFpNQF1kVtNQmTrMTZoeg=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQQcuMVOumUHTjsoJ9QGcsmTRtQ5OZIckUyjA7N/6KGxeKuPUX3Pk3pu0stPVA4HDOudzc44WMSmVZ30ZmaXlldS27ntvY3NreMXf3GjKIBCZ1HLBAtDwkCaM+qSuqGGmFgiDuMdL0hjcTvzkiQtLAv1fjkLgc9X3aoxgpLXXMw0LsCA5FUimfQmeEdLLPUcW2HuKzi+SkY+atojUFXCR2SvIgRa1jfjndAEec+AozJGXbtkLlxkgoihlJck4kSYjwEPVJW1MfcSLdeHpHAo+10oW9QOjnKzhVf0/EiEs55p5OcqQGct6biP957Uj1rtyY+mGkiI9ni3oRgyqAk1JglwqCFRtrgrCg+q8QD5BAWOnqcroEe/7kRdI4L9qXxdJdKV+9TuvIggNwBArABmVQBbegBuoAg0fwDF7Bm/FkvBjvxscsmjHSmX3wB8bnD2wIl8I=</latexit>

(r = 7, & = 10�5)

<latexit sha1_base64="VlD6NoXFpNQF1kVtNQmTrMTZoeg=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQQcuMVOumUHTjsoJ9QGcsmTRtQ5OZIckUyjA7N/6KGxeKuPUX3Pk3pu0stPVA4HDOudzc44WMSmVZ30ZmaXlldS27ntvY3NreMXf3GjKIBCZ1HLBAtDwkCaM+qSuqGGmFgiDuMdL0hjcTvzkiQtLAv1fjkLgc9X3aoxgpLXXMw0LsCA5FUimfQmeEdLLPUcW2HuKzi+SkY+atojUFXCR2SvIgRa1jfjndAEec+AozJGXbtkLlxkgoihlJck4kSYjwEPVJW1MfcSLdeHpHAo+10oW9QOjnKzhVf0/EiEs55p5OcqQGct6biP957Uj1rtyY+mGkiI9ni3oRgyqAk1JglwqCFRtrgrCg+q8QD5BAWOnqcroEe/7kRdI4L9qXxdJdKV+9TuvIggNwBArABmVQBbegBuoAg0fwDF7Bm/FkvBjvxscsmjHSmX3wB8bnD2wIl8I=</latexit>

(r = 7, & = 10�5)

<latexit sha1_base64="XChd+t6UFkbv2jzth1SgE7zdDtU=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZadVNoejGZQX7gM5YMmnahiYzQ5IplGGWbvwVNy4UcesnuPNvTNtZaOuBwOGcc7m5xwsZlcqyvo3M0vLK6lp2PbexubW9Y+7uNWQQCUzqOGCBaHlIEkZ9UldUMdIKBUHcY6TpDW8mfnNEhKSBf6/GIXE56vu0RzFSWuqYh4XYERzypFK2TqEzQjra56hiWw/xWTk56Zh5q2hNAReJnZI8SFHrmF9ON8ARJ77CDEnZtq1QuTESimJGkpwTSRIiPER90tbUR5xIN54eksBjrXRhLxD6+QpO1d8TMeJSjrmnkxypgZz3JuJ/XjtSvSs3pn4YKeLj2aJexKAK4KQV2KWCYMXGmiAsqP4rxAMkEFa6u5wuwZ4/eZE0zov2RbF0V8pXr9M6suAAHIECsMElqIJbUAN1gMEjeAav4M14Ml6Md+NjFs0Y6cw++APj8wfV6Jf1</latexit>

(m = 50, & = 10�5)

<latexit sha1_base64="XChd+t6UFkbv2jzth1SgE7zdDtU=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZadVNoejGZQX7gM5YMmnahiYzQ5IplGGWbvwVNy4UcesnuPNvTNtZaOuBwOGcc7m5xwsZlcqyvo3M0vLK6lp2PbexubW9Y+7uNWQQCUzqOGCBaHlIEkZ9UldUMdIKBUHcY6TpDW8mfnNEhKSBf6/GIXE56vu0RzFSWuqYh4XYERzypFK2TqEzQjra56hiWw/xWTk56Zh5q2hNAReJnZI8SFHrmF9ON8ARJ77CDEnZtq1QuTESimJGkpwTSRIiPER90tbUR5xIN54eksBjrXRhLxD6+QpO1d8TMeJSjrmnkxypgZz3JuJ/XjtSvSs3pn4YKeLj2aJexKAK4KQV2KWCYMXGmiAsqP4rxAMkEFa6u5wuwZ4/eZE0zov2RbF0V8pXr9M6suAAHIECsMElqIJbUAN1gMEjeAav4M14Ml6Md+NjFs0Y6cw++APj8wfV6Jf1</latexit>

(m = 50, & = 10�5)

<latexit sha1_base64="m3rfIoBnGBP/bFxK696vLtAfU/M=">AAACCXicbVC7TsMwFHV4lvIKMLJYtEhMVVIhYKxgYaMI+pCaKHJct7XqR2Q7SFXUlYVfYWEAIVb+gI2/wW0zQMuRLB+dc6/uvSdOGNXG876dpeWV1bX1wkZxc2t7Z9fd229qmSpMGlgyqdox0oRRQRqGGkbaiSKIx4y04uHVxG89EKWpFPdmlJCQo76gPYqRsVLkwjvE7RzRh+UglqyrR9x+WXDDSR+No2o5cktexZsCLhI/JyWQox65X0FX4pQTYTBDWnd8LzFhhpShmJFxMUg1SRAeoj7pWCoQJzrMppeM4bFVurAnlX3CwKn6uyNDXE9WtJUcmYGe9ybif14nNb2LMKMiSQ0ReDaolzJoJJzEArtUEWzYyBKEFbW7QjxACmFjwyvaEPz5kxdJs1rxzyqnt9VS7TKPowAOwRE4AT44BzVwDeqgATB4BM/gFbw5T86L8+58zEqXnLznAPyB8/kDHBaZ9g==</latexit> S
am
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g
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2
<latexit sha1_base64="li9kPP4ioC4YQeesnN+J/0aRL7s=">AAACCXicbVC7TsMwFHV4lvIKMLJYtEhMVVIhYKxgYaMI+pCaqnIcJ7VqO5HtIFVRVxZ+hYUBhFj5Azb+BqfNAC1Hsnx0zr269x4/YVRpx/m2lpZXVtfWSxvlza3tnV17b7+t4lRi0sIxi2XXR4owKkhLU81IN5EEcZ+Rjj+6yv3OA5GKxuJejxPS5ygSNKQYaSMNbHiHuJkjIlj1/JgFaszNl3k3nERoMnCrA7vi1Jwp4CJxC1IBBZoD+8sLYpxyIjRmSKme6yS6nyGpKWZkUvZSRRKERygiPUMF4kT1s+klE3hslACGsTRPaDhVf3dkiKt8RVPJkR6qeS8X//N6qQ4v+hkVSaqJwLNBYcqgjmEeCwyoJFizsSEIS2p2hXiIJMLahFc2IbjzJy+Sdr3mntVOb+uVxmURRwkcgiNwAlxwDhrgGjRBC2DwCJ7BK3iznqwX6936mJUuWUXPAfgD6/MHGpGZ9Q==</latexit> S
am

p
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n
g
⌦

1
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Applications - RPCA

Standard RPCA Methods: 

- Use Optimization approaches 
- Require coherence / incoherence in data 
- Work with high probability 
- HAVE NOISY BOUNDS  

Subspace Reconstruction 
Based Algorithm: 

- Algebraic / Geometric approach 
- Works with probability 1 
- No assumptions on the data 
- Deterministic 
- NO NOISY BOUND…… till now!! 

:)  :(Subspace reconstruction based RPCA Algorithm
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+
Understanding of 
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=
Generalization of 
existing results to 

Noisy Cases 

(Or at least a step in this direction)
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Conclusions

In our work, we have 

- Generalized subspace estimation method to deal with noisy data 
- Bounded the error in approximating the optimal subspace estimator using 
the deterministic conditions for subspace identifiability 
- Experimentally verified that sampling patterns affect the construction and 
bound 
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